This work proposes an analytical modelling of non-parabolicity for the valence bands of Si and Ge. With this aim, we obtained piecewise functions that enabled analytical evaluation of the energy after a free flight under drift, avoiding iterative procedures. In addition, particular attention was devoted to solving the problem of discontinuities in the density of states in bulk semiconductors, a shortcoming that had emerged in earlier approaches. Using our analytical functions, we were able to evaluate the mean hole energies at equilibrium and compare them with previous studies based on the pseudopotential method, obtaining an excellent agreement. We also used our analytical expressions in a single-particle Monte Carlo simulator to obtain the drift velocity under an external electric field and ohmic mobilities in pure Si and Ge. These results were compared with the experimental data and showed satisfactory agreement in all cases.
Introduction
It is widely known that anisotropy and non-parabolicity play important roles in describing carrier dynamics in the valence bands of semiconductors such as Si and Ge [1] . The analysis becomes more difficult when degeneration is considered, taking into account the three different valence bands, i.e., heavy, light and split-off holes.
To deal with this topic, recent works based on the pseudopotential method [2, 3] have been published, achieving satisfactory results. However, such treatment requires extensive computing time.
Procedures based on the effective mass framework had been developed previously [4] [5] [6] but they were mainly focused on a correct modelling of the anisotropy. Other work included non-parabolicity in Si, using piecewise functions [1] to study hole transport accurately and taking advantage of these fits to evaluate hole energy after a free flight. However, describing them in such a way gives rise to non-physical results in the density of states and, consequently, in fundamental magnitudes such as scattering probabilities.
In this paper, we present an improved analytical model of the three valence bands in Si and Ge, avoiding these shortcomings. We report dispersion relations that, although including the anisotropy and non-parabolicity in an accurate manner, are simple enough to allow an analytical evaluation in order to obtain the energy as an explicit function of the wave vector.
Evaluation and fitting of the non-parabolicity functions
When studying the results of carrier transport in semiconductors, a good modelling of the dispersion relation is essential. One of the most widely used procedures, the effective-mass theory, despite its limitations shows an amazing flexibility in providing acceptable results when calculating the most important features defining carrier behaviour.
However, the inclusion of non-parabolicity is essential if we are to continue using this procedure. Thus we aim to model the valence bands by means of a non-parabolicity function for each band, χ (ε), and to adopt the usual form for the warping functions. Therefore, the dispersion relations for the bands are as follows:
where H, L and S signify heavy, light and split-off bands; A, B and C are constant values for each semiconductor (−4.22, −0.78 and 4.80 for Si and −13.38, −8.48 and 13.14 for Ge [7] ), θ and φ are the angles in spherical coordinates for the K space, m 0 is the electron rest mass, m so is the split-off effective mass (0.237 × m 0 for Si and 0.075 × m 0 for Ge) and so is the split-off energy (44 meV in Si and 295 meV in Ge [8] ). We assumed isotropy in the case of the split-off hole, but did not neglect the non-parabolicity in this band.
To evaluate the non-parabolicity functions numerically, we started by solving the cubic equation given by Kane [9] 
where
and
Equation (3) is solved exactly for the whole band, although this task is greatly reduced using symmetry. Having estimated the band structure numerically, the angle-dependent nonparabolicity functions were calculated by using
These functions show different non-parabolicity depending on the direction. However, to obtain a dispersion relation containing the angular dependence of the effective mass and the corrections to parabolicity in separate functions, an angular average was taken to evaluate a non-angle-dependent χ for each band. This feature constitutes an useful simplification when dealing with a wide range of magnitudes related to the density of states. We fitted the numerical non-parabolic functions with analytical expressions, imposing the following conditions: (i) Knowing the wave vector k, it is desirable to obtain nonparabolicity functions that enable the energy to be found easily, i.e. an explicit expression that relates the energy to the wave vector. (ii) It should be sufficient to establish a fitting up to 1 eV, because only at very high fields is this range surpassed. (iii) To calculate the density of states, continuity in the function and in its first derivative must be imposed on the nonparabolicity functions to avoid non-physical behaviour, as will be shown in section 3.
Thus, the proposed fitting was based on piecewise functions with the following general structure:
Compared with parabolic splines, these functions contain an extra parameter to obtain better agreement with the numerical function. These functions constitute a powerful tool to evaluate hole energy after a free flight subjected to an externally applied electrical field, a task that must be performed many times in transport Monte Carlo simulators. In this situation the final wave vector is known, and thus only the energy in the dispersion relation is undetermined. Numerical implementation requires an iterative procedure to calculate this energy, but using the fitting, analytical evaluation of the final energy is straightforward, by means of the simple resolution of a quadratic equation.
To obtain acceptable results, we divided the range of energy into four intervals: from 0 to ε 1 , from ε 1 to ε 2 , from ε 2 to ε 3 and from ε 3 to 1000 meV. The exception to this rule was the light band in germanium where five intervals were required. We used the expressions A 1 (ε), A 2 (ε), A 3 (ε) and A 4 (ε) respectively for these intervals. Energy ε 1 was fixed at the point where the concavity of the χ functions changes. Energies ε 2 and ε 3 were taken as parameters to allow a better fitting. We selected the best fit for the six χ functions (heavy, light and split-off in Si and Ge). The values are listed in appendix A.
Band structure and density of states
Once the non-parabolicity functions are calculated, it is straightforward to compare the results provided by the two procedures (analytical and numerical). As stated previously, one advantage of this form of analytical expression is the ability to obtain an explicit relation between the energy and the wave vector: where
and clearly, parameters a, b, c and d also depend on the kind of band. Figure 1 shows the valence band structure for Si and Ge with both analytical and numerical procedures. The agreement between them provides clear evidence of the good fit we obtained.
The effect of non-parabolicity on the density of states in each band must be carefully taken into account in order to avoid strange behaviour in other magnitudes, such as scattering probabilities. To evaluate the density of states we used the expression [10] 
but using the γ functions obtained from the averaged χ functions instead of γ (ε,k). With this substitution equation (15) 
where is the solid angle in the K space and
So, the (ε) functions arise as a consequence of nonparabolicity (unity for parabolic bands). The need for continuity in the χ functions and in their first derivatives now becomes evident. Previous fits [1] did not fulfil this last condition, and as a result, the density of states gave rise to non-physical behaviours. In fact, the role of (ε) is so important that we selected a, b, c and d by minimizing the maximum relative error between the numerical (ε) and those evaluated from the analytical χ . The error in each case is exposed in table 1. Figure 2 compares the densities of states calculated numerically with those evaluated by analytical approximation. It also plots the densities of states obtained from other analytical expressions, which although useful for estimating the energy after a free flight, fail to reproduce the density of states, due to the discontinuity of the derivative of χ . Figure 2 . Density of states for Si and Ge.
Results

Defining the terms in brackets in equation (16) by m
3/2
H,L , the carrier concentration at equilibrium is calculated by p H,L (µ(T ), T )
µ(T) being the intrinsic chemical potential. In order to take into account its dependence with temperature we used the expressions given in [11] . From the above equation it is straightforward to obtain the population ratios as
%H (T ) = 100p H (µ(T ), T ) p H (µ(T ), T ) + p L (µ(T ), T ) + p S (µ(T ), T )
%L(T ) = 100p L (
µ(T ), T ) p H (µ(T ), T ) + p L (µ(T ), T ) + p S (µ(T ), T )
%S(T ) = 100p S (µ(T ), T ) p H (µ(T ), T ) + p L (µ(T ), T ) + p S (µ(T ), T )
.
The results obtained with equation (19) are plotted in figure 3 . In this figure, the negligible number of split-off holes in Ge due to the high value of the split-off energy can be observed.
We also calculated the mean energies for each band at equilibrium, and using the above populations we were able to k B T in figure 4 , where the effect of non-parabolicity on average energy is manifested.
To test our model, we compared our results with the reported data obtained by the pseudopotential method [2] , obtaining good agreement, as shown in table 2.
We also verified the usefulness of analytical expressions for studying hole transport. In doing so, we applied a singleparticle Monte Carlo simulator to analyse the dependence of drift velocity on electrical applied field and the values of ohmic mobility in pure Si and Ge. In this simulator, analytical expressions were used throughout the process, i.e. to obtain the energy after a free flight and to model the scattering mechanisms via the density of states.
Our results are close to the experimental ones [12, 13] , as shown in figure 5 . We report data for different temperatures The presented analytical model requires relatively small computing time when performing the simulations. Some examples are listed in table 3. Taking advantage of this feature, we obtained data at very low fields without excessive statistical error in order to evaluate ohmic mobilities in Si and Ge at several temperatures in a straightforward way, avoiding extrapolation methods. They are shown and compared with experimental and pseudopotential results in table 4. In almost every case the evaluated mobilities are close to experimental and pseudopotential data. However, an exception is noted in Ge at 77 K. In this case the experimental and pseudopotential data are very different, but our result is similar to the former one.
Conclusions
We have presented analytical valence bands for Si and Ge that include warping and non-parabolicity. With these expressions we achieve a very accurate fit with the numerical resolution of the Kane equation, while avoiding non-physical behaviours in the density of states. In this way, the anomalies in related magnitudes that were detected in previous works are resolved. Using piecewise functions to model nonparabolicity, a quadratic equation can be obtained in order to evaluate the energy when the wave vector is known. Using Table 7 . Si split-off hole band. Table 8 . Ge heavy hole band. these, we were able to evaluate the mean hole energies at equilibrium and to establish a comparison with previous studies based on the pseudopotential method. The agreement with those values supports our simpler description. In addition, we implemented a Monte Carlo simulator that used our analytical expressions to obtain the hole drift velocities when external electric fields were applied in several directions and at several temperatures, and using them, hole ohmic mobilities where calculated in pure Si and Ge. The results were compared with the previous experiments, showing satisfactory agreement in every case.
